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Abstract. This paper is concerned with continuous dependence of the n-th eigenvalue 
on self-adjoint discrete Sturm-Liouville problems. The n-th eigenvalue is considered as 
a function in the space of the problems. A necessary and sufficient condition for all the 
eigenvalue functions to be continuous and several properties of the eigenvalue functions 
in a set of the space of the problems are given. They play an important role in the 
study of continuous dependence of the n-th eigenvalue function on the problems. Contin¬ 
uous dependence of the n-th eigenvalue function on the equations and on the boundary 
conditions is studied separately. Consequently, the continuity and discontinuity of the 
n-th eigenvalue function are completely characterized in the whole space of the problems. 
Especially, asymptotic behaviors of the n-th eigenvalue function near each discontinuity 
point are given. 

Keywords: self-adjoint discrete Sturm-Liouville problem; eigenvalue function; contin¬ 
uous dependence; asymptotic behavior. 

2000 Mathematics Subject Classijication: 39A12; 34B24; 39A70. 

1. Introduction 

A self-adjoint discrete Sturm-Liouville problem (briefly, SLP) considered in the present 
paper consists of a symmetric discrete Sturm-Liouville equation (briefly, SLE) 

^(^fn^yn) Qnyn ^ ^ (^•^) 

and a self-adjoint boundary condition (briefly, BC) 

^(/oA.o)+K/X)-'>- 

where A > 2 is an integer, A and V are the forward and backward difference operators, 
respectively, i.e., Aj/„ = yn+i - yn and Vyn = yn - yn-i] f = {/n}n=o> Q = {?«}„=! and 
w = {wn}n=i are real-valued sequences such that 

^ The corresponding author. 
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fn^O for n E [0, N], Wn > 0 ior n E [1, N]; 


(1.3) 


A is the spectral parameter; the interval [M, iV] denotes the set of integers {M, M + 
1, • • • , iV}; A and B are 2x2 complex matrices such that rank(A,B)=2, and satisfy the 
following self-adjoint boundary condition: 


A 


0 1 

-1 0 


A* = B 


0 1 

-1 0 


B*, 


(1.4) 


while A* denotes the complex conjugate transpose of A. 

Throughout this paper, by C, R, and N denote the sets of the complex, real, and 
natural numbers, respectively; and by x denotes the complex conjugate of z E C. When 
a capital Latin letter stands for a matrix, its entries are denoted by the corresponding 
lower case letter with two indices. For example, the entries of a matrix C are Cj^’s. 

The SLP (1.1)-(1.2) has attracted increasing attention by many scholars, for its appli¬ 
cations in various areas of physical science [1, 9]. The n-th eigenvalue of the SLP always 
stands for an important value in the physical problems and it varies as the SLP varies. A 
natural question is how it varies as the SLP varies. In the present paper, we are interested 
in continuous dependence of the n-th eigenvalue on the SLP. We shall consider the n-th 
eigenvalue as a function in the space of the SLPs, and mainly study its continuity and 
discontinuity, and characterize its asymptotic behaviors near each discontinuity point. 

The continuous dependence of the n-th eigenvalue on self-adjoint continuous Sturm- 
Liouville problems has been studied quite deeply and some elegant results have been 
obtained (cL, [6, 8, 10, 11, 14, 21]). Now, we shall briefly recall some existing results of 
continuous dependence of the n-th eigenvalue on self-adjoint continuous SLPs. A self- 
adjoint continuous SLP consists of a differential SLE 


-(p(t)y')' + <l(t)y = Atti(i)!/, t € (a, b), 


(1.5) 


= 0 , 


( 1 . 6 ) 


® a( «(«■) \,n( !'('>) 

V (w')(a) y V (w'Xi) 

where —oo < a < b < -|-cxd; l/p,q,w E L((a, 6),R) with p,w > 0 almost everywhere in 
(a, b), while L((a, 6), R) denotes the space of Lebesgue integrable real functions in (a, 6); A 
and B are 2x2 complex matrices such that rank(A,B)=2 and (1.4) holds. It is well-known 
that the problem (1.5)-(1.6) has inhnitely countable eigenvalues, which are all real and 
can be arranged in the following non-decreasing order: 

Ao < Ai < As < ■■■ < A,, < •■■ (1.7) 


with Xn —)■ -l-cxD as n —)■ -|-oo, counting repeatedly according to their multiplicities. Using 
the variational method, Courant and Hilbert showed that the n-th eigenvalue An is contin¬ 
uously dependent on the problem under the assumptions that the coefficient functions p, 
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q and w in (1.5) are continuous functions in (a, b) and the BC (1.6) is of a special class [6]. 
In 1997, Everitt, Moller, and Zettl showed that the n-th eigenvalue A„ does not depend 
continuously on the BCs in general [8]. Later, Kong, Wu, and Zettl deeply studied this 
problem in 1999 [10]. They showed that the n-th eigenvalue An depends continuously on 
the SLEs, found its discontinuity set of the space of BCs 


jc ^ _ j] ; K G SL{2,R),ki2 = 0,0 G [0,7r)} 

Oi 02 0 0 

0 0 &i 62 


U 


0202 = 0 


( 1 . 8 ) 


and gave its asymptotic behaviors near each discontinuity point. 

The spectral theory of self-adjoint discrete Sturm-Liouville problems has attracted 
a great deal of interest from many authors and some good results have been obtained 
(cf., [1, 3-5, 9, 12, 15-20, 22]). In [17], the second author of the present paper with 
her coauthor Chen studied some regular self-adjoint spectral problems for second-order 
vector difference equations, which include (1.1)-(1.2), and gave several spectral results, 
including the reality of the eigenvalues, the hniteness of the number of the eigenvalues, 
and a formula for counting the number of the eigenvalues. Based on these results, the 
problem (1.1)-(1.2) has k eigenvalues (counting multiplicities), which are real and can be 
arranged in the following non-decreasing order: 

Ao < Ai < A2 < ■ ■ ■ < Afc_i, 

where k can be determined (see Lemma 2.4). Note that the analytic and geometric mul¬ 
tiplicities of an eigenvalue of an SLP (1.1)-(1.2) are the same [18, 22]. Recently, we 
studied some problems about dependence of the eigenvalues of (1.1)-(1.2) on the prob¬ 
lems in [22]. We gave the topologies and geometric structures of the space of the SLPs 
(1.1)-(1.2), showed that each eigenvalue of a given SLP lives in one or two continuous 
eigenvalue branches, and studied analyticity, differentiability and monotonicity of contin¬ 
uous eigenvalue branches. 

It is evident that the n-th eigenvalue depends on the SLP (1.1)-(1.2) and then can be 
regarded as a function in the space of the SLPs. So, based on the work in [22], we shall 
mainly study continuous dependence of the n-th eigenvalue on the problem in the present 
paper. We shall give out its continuity and discontinuity sets in the space of the SLPs 
(1.1)-(1.2), and characterize its asymptotic behaviors near each discontinuity point. 

From Example 5.3 in [22], we have found that the index of eigenvalues in a continuous 
eigenvalue branch may change as the problem varies. This may lead the discontinuity of 
the n-th eigenvalue function. For convenience, we shall briefly recall this example. 

Example 1.1 [22, Example 5.3]. Consider (1.1)-(1.2), where 
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N = 2, /o = /i = /2 = 1, gi = g2 = 0, wi = W2 = 1, 


and 


A = A(a) = 


cos a — sin a 


B = 


0 0 
0 -1 


0 0 

We have showed that the SLP with a = 37r/4 has exactly one eigenvalue Aq = 1, and each 
SLP with a G [0,37r/4) U (37r/4,7r) has exactly the following two eigenvalues: 


Anfo;) — 


A_(q;) if a G [0, 37r/4), 
A+(q;) if a G (37r/4, tt), 


where 


A+fa)= 


Ai(q;) = 

3 cos a + 2 sin a ± a/cos^ q; + 4 sin(2Q;) + 4 


A+(q;) if q; G [0, 37r/4), 
A_(q;) if q; G (37r/4, tt), 


2(cosq; + sin a) 

So, there are exactly the following three continuous eigenvalue branches: 

Ai(q;) = Ao(q;) for a G [0,37r/4), 

Ai(q;) if a G [0, 37r/4), 


1 if a = 37r/4, 

Ao(q;) if a G (37r/4, tt), 

A 3 (q;) = Ai(q;) for a G (37r/4 ,tt). 


See Figure 1.1. 



As functions in a G [0,7r), the eigenvalues Aq and Ai are not continuous at a = 37r/4, 
and have the following asymptotic behaviors near 37r/4: 

lim Ao(q;) = —oo, lim Ai(q;) = Ao(37r/4), 

/ 4 ~ (A—>'37r/4“ 

lim Anfa) = Ao(37r/4), lim AiIq;) = +cxd. 

a^37r/4+ a^3n/4+ 


Let O he a set in the space of the SLPs (1.1)-(1.2). Through the above observation, 
in the study of the continuity of the n-th eigenvalue function restricted in O, it seems 
very important whether the number of eigenvalues of each SLP in O is equal or not. In 
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fact, we shall show that all the eigenvalue functions restricted in O are continuous if and 
only if the number of eigenvalues of each SLP in O is equal (see Theorem 2.1). 

Our study in the present paper was inspired by the remarkable work in [10] for the 
continuous case. Note that the number of the eigenvalues is hnite for the discrete problem 
(1.1)-(1.2) and infinite for the continuous problem (1.5)-(1.6). This difference will result 
in some differences between properties of their eigenvalue functions. Consequently, our 
method used in the present paper is quite different from that used in the continuous 
case. We shall list six aspects on these differences as follows. Firstly, it was shown in 
[10] that if the minimal eigenvalue function Aq is bounded from below in a set of the 
space of the SLPs (1.5)-(1.6), then the n-th eigenvalue function restricted in the set is 
continuous for each n > 0. However, a similar conclusion is not true in the discrete case 
(see Example 2.1). Instead, as we have remarked in the above, the continuity of the 
eigenvalue functions in a set can be completely determined by the number of eigenvalues 
of each SLP in the set (see Theorem 2.1). Secondly, unlike that in the continuous case, 
the n-th eigenvalue function is not continuously dependent on the SLE (1.1) in general 
in the discrete case. Thirdly, the discontinuity set of the n-th eigenvalue function in the 
space of BCs in the continuous case is different from that in the discrete case (see (1.8) 
and (4.12)). They may be identihed in a certain sense by letting /q —)■ -|-cxd in the discrete 
case. Fourthly, the authors in [10] employed the Priifer transformation of (1.5) and 
some inequalities among eigenvalues of SLPs (1.5)-(1.6) given in [7] in their discussions. 
Though a discrete Priifer transformation was established in [2] and several inequalities 
among eigenvalues of discrete SLPs were obtained in [19, 20], we have found that it is 
quite difficult for us to employ a similar method to study this discrete problem. Instead, 
we shall directly study several properties of the eigenvalue functions and make use of some 
spectral results of second-order difference equations given in [17, 22]. In order to study 
asymptotic behaviors of the n-th eigenvalue function A„ near a discontinuity point in the 
space of the SLPs (1.1)-(1.2), we shall first study asymptotic behaviors of A„ in a certain 
direction near the discontinuity point. This way is shown to be convenient for our study in 
the discrete case. Fifthly, continuous dependence of the eigenvalue functions on the BCs 
is investigated via the local coordinate systems in the space of BCs (1.2) directly, instead 
of being divided into the separated and coupled cases. Finally, asymptotic behaviors of 
the n-th eigenvalue function near a discontinuity point in the space of BCs (1.2) are more 
complicated than those in the continuous case. 

The rest of this paper is organized as follows. In Section 2, some notations and lemmas 
are introduced. A necessary and sufficient condition for all the eigenvalue functions to be 
continuous and several properties of the eigenvalue functions in a set of the space of SLPs 
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are given. In Section 3, continuous dependence of the n-th eigenvalue function on the SLE 
is completely characterized for a hxed BC. In Section 4, continuous dependence of the 
n-th eigenvalue function on the BC is completely characterized for a hxed SLE. In Section 
5, continuous dependence of the n-th eigenvalue function on the SLP is studied. Then its 
continuity and discontinuity in the space of the SLPs are completely characterized. 

Remark 1.1. We shall apply some results obtained in the present paper to study in¬ 
equalities among the eigenvalues of general self-adjoint SLPs in our forthcoming paper. 

2. Preliminaries 

In this section, some notations and lemmas are introduced. This section is divided 
into three parts. In Section 2.1, the description of the space of the SLPs is introduced. 
Section 2.2 collects some basic properties of eigenvalues of the SLPs. In Section 2.3, a 
necessary and sufficient condition for all the eigenvalue functions to be continuous and 
several properties of the eigenvalue functions in a set of the space of the SLPs are given. 
They are useful in the sequent sections. 

2.1. Space of self-adjoint discrete SLPs 

In order to discuss continuous dependence of the n-th eigenvalue on the SLP, we need 
to know how to measure the closeness of two SLEs and of two BCs. 

Let the SLE (1.1) be abbreviated as {l/f,q,w). Then the space of the SLEs can be 
written as 

:= {{l/f,q,w) e : (1.3) holds}, 

and is equipped with the topology deduced from the real space Note that 

has 2^+^ connected components. Bold faced lower case Greek letters, such as u, are used 
to denote elements of For convenience, the maximum norm in will be used: 

\\{^/f,Q,w)\\ = max<^ |l//o|, max {| 1 //„|, |g„|, |w„|} 

I l<n<N 

The quotient space 

:= M2,4(C)/ql('2^C)> 

equipped with the quotient topology, is taken as the space of general BCs; that is, each 
BC is an equivalence class of coefficient matrices of system ( 1 . 2 ), where 

4 (C) := {2 X 4 complex matrix (A, B) : rank(A, B) = 2}, 

GL{2, C) := {2 X 2 comlplex matrix T : det T 7 ^ 0}. 

The BC represented by (1.2) is denoted by [A | 5]. Bold faced capital Latin letters, such 
as A, are also used for BCs. The space of self-adjoint BCs is denoted by The following 
result gives the topology and geometric structure of 



6 



Lemma 2.1 [22, Theorem 2.2], The space equals the union of the following relative 
open sets: 

^ .. " : au,b22eR,zeC\, 


qC _ 

qC _ 
'^1,4 ~ 


rnC _ 
'-^2,3 ~ 


1 ai 2 0 2 ; 

0 2: -1 622 


1 ai 2 0 

0 2: 621 1 

ail — 10 ^ 

2: 0 -1 622 


/oc _ 
'^ 2,4 ~ 


ail — 1^0 

2 : 0 621 1 

Moreover, is a connected and compact real-analytic manifold of dimension 4. 


• *3:12) ^21 G K., ^ G * 

• *3ll, &22 G R, 2 : G Cj- , 
; ail, ^21 G M, ^ G cl" . 


( 2 . 1 ) 


Lemma 2.1 says that Ofa, and O 24 together form an atlas of local coor¬ 

dinate systems in B^. If A G then the corresponding coordinate chart is given by 


(f : 


1 ai 2 0 2 : 

0 z -1 622 


(ai 2 , a, b, 622 )) 


where z = a ib, a, b E R. Others are given similarly. Thns, each of the fonr open sets 
in ( 2 . 1 ) can be identihed with M^. 

The space x B‘^ of the SLPs is a real-analytic manifold of dimension 3N -\- 5 and 
has connected components. 

The following resnlt gives the canonical forms of separated and conpled self-adjoint 
BCs, respectively. 


Lemma 2.2 [21, Theorem 10.4.3]. Each separated self-adjoint BC can he written as 




COS a — sin a 0 0 

0 0 cos jd — sin fd 


( 2 . 2 ) 


where 


a G [0,tt),/9 G (0,tt]; 

and each coupled self-adjoint BC can be written as 

[e*^A| -/], 

where 

7 G [ 0 , 7 r), K G SL{2,R) := {2 x 2 real matrix M : detM = 1}. 


The spaces of separated and conpled self-adjoint BCs are denoted by Bs and Be, 
respectively. So B^ = BsCBq- 

2.2. Basic properties of eigenvalues 

In this snbsection, some basic properties of eigenvalnes of the SLPs are introdneed. 
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For each A G C, let 0(A) and '0(A) be the solutions of (1.1) satisfying the following 
initial conditions: 


0o(A) — l,/oA0o(A) — 0; '0o(A) — 0, /oA'0o(A) — 1, 

separately. It follows from [22] that the leading terms of 0Ar(A), '0Ar(A), /7vA07v(A), and 
/7vA'0Ar(A) as polynomials of A are 

(-!)"-■ (nV.//.)) A"-', 

(-i)''([«.„'n‘(«>.//i))A'', 

respectively. 

Lemma 2.3 [22, Lemmas 3.2 and 3.3]. 

(1.1)-(1.2) if and only if \ is a zero of the characteristic polynomial 

r(A) = det A + det5 + G'(A), 


(-1)"^-^ ((l//o) n {w./ff)j A^-0 


N-l 


-1)^ ( {w^ifo) n K//0) A^, 
2=1 


(2,3) 


A number X E M. is an eigenvalue of the SLP 


where 

G(A) := Cii07v(A) + Ci2iPn{X) + C2l/7vA0Ar(A) + C22/7vA'0Ar(A), 



When we count the eigenvalues of an SLP in a domain in M, their multiplicities will 
be taken into account. 

Let (w, A) e VlY X Set 


r = r(a;, A) 


rank 


“Oil + /o®i2 bi2 
— 0,21 + /o®22 ^22 


(2.4) 


Obviously, 0 < r < 2. 

Lemma 2.4 [22, Lemma 3.4]. The number of eigenvalues of (a;. A) is equal to N — 2 +r, 
where r is defined by (2.4). 

The above results can be deduced from [17, Theorem 4.1]. 

By (2.3) and Lemma 2.3, the coefficient of X^ in the polynomial r(A) is 

{' OJi / /i)^ [(ail&22 ~ 021^12)//o + 022^12 ~ 012^22] • ( 2 - 5 ) 

Thus, by Lemma 2.4, there are exactly the following three cases: 

(i) (u), A) has exactly N eigenvalues in the case that 9(u), A) 7^ 0; 


0(0;, A) :=(-!) 


N 


Wn 


N-l 

n 

2=1 



(ii) {ui, A) has exactly N — 1 eigenvalues in the case that 9(u>, A) 

A(l//o)- 0 0 10 


0 and A 7^ A(l//o), 


(hi) {oj, A) has exactly N — 2 eigenvalues in the case that 9(u!, A) = 0 and A = A(l//o). 

By A) denotes the n-th eigenvalue of (w, A). When the SLE is fixed, A„(A) is 
also used for A G when the BC is fixed, A„(6i;) is also used for u) G fl*’"'', and etc. 
The following result is a generation of [22, Corollary 3.3]. 

Lemma 2.5. Assume that O is a set of x and (wq, Aq) G O. Let ri and r 2 be 
two real numbers with ri < r 2 such that neither of them is an eigenvalue of ( uq , Aq), and 
n>0 be the number of eigenvalues o/(a;o, Aq) in the interval [ri,r2]. Then there exists a 
neighborhood U of (u>o, Aq) in O such that each (a;. A) G W has exactly n eigenvalues in 
[ri,r2], which all lie in (ri,r2). 


Proof. Since the proof is similar to that of [22, Theorem 3.4], we omit its details. 


Lemma 2.6 [22, Theorem 3.5 and Remark 3.2]. Assume that O is a connected set of 
X B'^ and (a;o, Aq) G O. Let A* be an eigenvalue of (uq, Aq) with multiplicity m. Fix 
a small e > 0 such that A* is the only eigenvalue of (wq, Aq) in the interval [A* — e. A* + e]. 
Then there is a connected neighborhood T d O and continuous functions A* : ^ M, 

1 < i < m, such that 

(i) A*(a;o, Aq) = A*, 1 < i < m; 

(ii) A* — e < Ai(a;, A) < ■ ■ ■ < Am{oJ, A) < A* + e for each {u, A) G J^; 

(hi) Aj(a;, A), 1 < i < m, are eigenvalues of (u, A) for each (u, A) G iF. 


Remark 2.1. In Lemma 2.6, Aj, 1 < i < m, are called the continuous eigenvalue branches 
through A*. 

2.3. Properties of the eigenvalue functions 

In this subsection, a necessary and sufficient condition for all the eigenvalue functions 
to be continuous and several other properties of the eigenvalue functions in a set of the 
space of the SLPs, which are useful in the study of asymptotic behaviors of the n-th 
eigenvalue function near a discontinuity point, are obtained. 

Theorem 2.1. Let O be a set of x B'^. Then the number of eigenvalues of each 
(w. A) ^ O is egual if and only if each eigenvalue function \n(uJ,A) restricted in O is 
continuous. Furthermore, if O is a connected set of x B‘^, then each eigenvalue 
function A„(a;, A) is locally a continuous eigenvalue branch in O. 
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Proof. Suppose that each (w, A) G O has exactly k eigenvalues: Ao(ti;, A) < Ai(a;, A) < 
< Afc_i(a;,A). Then the k eigenvalue functions A* : —)■ R, 0 < i < /c — 1, are 

well-dehned. Now, we show that A* restricted in O is continuous at a hxed (a;o, Aq) G O. 
We hrst consider the case that Ai(a;o, Aq) is a simple eigenvalue. Fix 0 < i < k — 1. 
Let Vj, 1 < j < 4, be four real numbers such that ri < Ao(cuo; Aq), Aj_i(6i;o, Aq) < r 2 < 
Ai(W0 ; Aq) < rs < Aj+i(a;o,Ao) and r4 > Afc_i(6i;o, Aq). By Lemma 2.5 there exists a 
neighborhood U of (cuq, Aq) in O such that each (w, A) G W has exactly i eigenvalues in 
(ri,r2), exactly one eigenvalue in (r2,r3), and exactly k — i — 1 eigenvalues in (r3,r4). Since 
each (ca;, A) G U has exactly k eigenvalues, the eigenvalue of (ca;. A) in {r- 2 ,r^) is exactly 
Ai(a;, A). Hence, A* restricted in O is continuous at (a;o, Aq). With a similar method used 
above, one can easily verify that Aq and Afc_i restricted in O are continuous at (cuq, Aq). 

Suppose that O is connected. Then the above U can be chosen to be also connected. 
By Lemma 2.6 and Remark 2.1, A* restricted in U is exactly a continuous eigenvalue 
branch through Aj(6i;o, Aq). Thus, Aj is locally a continuous eigenvalue branch in O for 
each 0 < i < /c — 1. 

In the case that the multiplicity of Aj(6i;o, Aq) is equal to 2, one can show that the 
results still hold with a similar argument. 

Conversely, suppose that there exists an (cui, Ai) G O such that the number of eigen¬ 
values of (cui, Ai) is not equal to that of another. Then there exists an eigenvalue function 
Aip that can not be well-dehned at least at one point in O. Thus Aj^ restricted in O is 
not continuous. This completes the proof. 

Remark 2.2. By Theorem 2.1, if the number of eigenvalues of each (w. A) G O is not 
equal, then there exists at least one eigenvalue function that is not continuous in O. In 
this case, are all the eigenvalue functions not continuous in 01 The following example 
gives a negative answer. 

Example 2.1. Let s G [0,2]. Consider the 1-parameter family of SLPs (1.1)-(1.2) with 

. ifsG[0,1), f ^ ifsG[0,1), 

U if"e[l, 2 ], if.G [ 1 , 2 ], 


and 


/s = 1, qi=q2 = 0, Wi=W2 = l, N = 2, 

A = 


110 0 
0 0-11 


( 2 . 6 ) 


Then, by Lemma 2.3, direct calculations deduce that the characteristic function is 

^ _ f (1 — .)A^ + {s — 2)A -I- s — 1 if . G [0,1), 

I — .)A^ -|- -4.-1- 2) A -|- 2 — 2s if s G [1, 2]. 
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Thus, the SLP with s = 1 has exactly one eigenvalue and with each s G [0,1) U (1, 2] has 
exactly two eigenvalues, which are given as 


Ao(’S) 


2-5-V5s^-12s+8 

2(l-s) 

0 


-s2+4s-2-i/(s2-4s+2)2-4(s2-s)(2-2s) 

2(s2-s) 


if s e [0,1), 
if s = 1, 

ifse (1,2], 


Ai(s) 


2-s+V5s^-12s+8 

2{i-h 

-s^+4s-2+y/(s^-4s+2y-4{s^-s)(2-2s) 

2(s'^-s) 


if s e [0,1), 
if s e (1,2], 



Figure 2.1. 

See Figure 2.1. Then the number of eigenvalues of the SLP with s = 1 is not equal to that 
of another one. It is evident that the eigenvalue function Aq is continuous in s G [0,2]. 
Note that Aq is bounded from below for s G [0, 2]. However, the eigenvalue function Ai is 
not well-dehned at s = 1, and thus Ai is not continuous at s = 1. 

Now we give several other properties of the eigenvalue functions, which are useful in 
the discussions in the sequent sections. 

Theorem 2.2. Assume that O C x satisfies that each (u, A) in O has exactly 
k eigenvalues, where k > 2. Let (cuq, Aq) G 0\0 have exactly m eigenvalues for some 
0 < m < k — 1. 

(i) If the first k — m eigenvalue functions satisfy 

lim Xnioj, A) =—oo, 0<n<k — m — l, (2.7) 

C'9(a;,A)^(a;o,Ao) 

then the last m eigenvalue functions satisfy 

lim An(a;, A) = An-fc+m(c^o, Ao), k-m<n<k-l. (2.8) 

C>9(a;,A)->(a;o,Ao) 
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(ii) If the last k — m eigenvalue functions satisfy 

lim A) = +cxd, m < n < k — I, 

Ob{cj,A)M‘^o,Aq) 

then the first m eigenvalue functions satisfy 

lim A) = A„(6i;o, Aq), 0 < n < m — 1. 

C>9(a;,A)^>{tJo,Ao) 

Proof. First, we show that (i) holds. Let ri < r2 be any two real numbers such that ri < 
Ao(wo, Aq) and r2 > Am-i(i<^o, Aq). It follows from (2.7) that there exists a neighborhood 
U of (a;o, Aq) in U {(wq, Aq)} such that 

Xn{oJ, A) < ri, V (a;, A) G W\{(a;o, Aq)}, 0<n<A;-m-l. (2.9) 

Since (a;o,Ao) has exactly m eigenvalues, by Lemma 2.5 there exists a neighborhood 
Ui <ZU oi (uq, Aq) such that each (u, A) G Hi has exactly m eigenvalues in [ri, r2], which 
are all in (ri, r2). Hence, for each (u, A) G 7/i\{(a;o, Aq)}, by (2.9) and noting that (u, A) 
has exactly k eigenvalues, one has that 

Aj(a;, A) G (ri, r2), k —m<j<k —1. (2.10) 

Now, suppose that Aj(a;o, Aq) is a simple eigenvalue for some 0 < i < m — 1. Let 
(r3,r4) C (ri,r2) be an interval such that Aj(a;o,Ao) is the only eigenvalue of (cjq, Aq) 
in [r3,r4], and Ai(6i;o,Ao) G (r3,r4). Again, by Lemma 2.5 there exists a neighborhood 
U 2 G Hi of (c(.^05 Aq) such that each (cc?. A) G H 2 has exactly % eigenvalues in (r4,r3), 
exactly one eigenvalue in (r3,r4), and exactly m — i — 1 eigenvalues in (r4,r2). Thus, it 
follows from (2.9) and (2.10) that A) G (r3, r4) for each (a>. A) G 7/2\{(wo, Aq)}. 

Consequently, 

lim \k-m+i{oj, A) = Ai(a;o, Aq). 

C>9(cj,A)->(cjo,Ao) 

Therefore, (2.8) holds in this case. 

In the other case that the multiplicity of Aj(a;o, Aq) is equal to 2 for some 0 < i < m—1, 
one can show that the results hold with a similar argument. 

Since the proof of (ii) is similar to that of (i), we omit its details. The proof is complete. 

Theorem 2.3. Let O be a connected set o/H*’"'' x and ri and r 2 he two real numbers 
with ri < r 2 . Assume that each problem in O has exactly k eigenvalues, and exactly m > 0 
eigenvalues in [ri,r2] that are in (ri,r2) with m < k. Then its other k — m eigenvalues 
out of [ri, r2], denoted by Ai(a;, A) < ■ ■ ■ < A), have the following properties: 

(i) For each 1 < i < k — m, 

either Ei := {Aj(6i;, A) ; (w. A) G O} C (—cxD,ri) or Ei C (r2,+cxD); (2.11) 

there exists 0 < io < k — 1 such that A) = Xigiu), A) for all {u, A) G O, and 
consequently, A* is continuous in O. 
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(ii) Further, assume that (wq, Aq) G 0\0 has exactly m eigenvalues Aj(C(;o, Aq), 0 < 
j <m — l, and all of them are in (ri,r 2 ). If Ei C (—cxD,ri) for some I < i < k — m, 
then 

lim Ajfo;, A) = —cxD. 

0^(ul,A)^{wQ,Ao) 

If Ei C (r 2 , +cxd) for some 1 < i < k — m, then 

lim Ajfci;, A) = +cxd. 

C)9(cJ,A)^(cJo,Ao) 

Proof. By the assumption that each (a;, A) E O has exactly k eigenvalues, the n-th 
eigenvalue functions Aj, 0 < j < /c — 1, restricted in O are continuous by Theorem 2.1. 

First, we show that (i) holds. We claim that (2.11) holds for i = k — m. Otherwise, 
there exist (cui, Ai), (uj 2 , A 2 ) G O such that \k-m(k^i, Ai) G (—cxd, ri) and \k-m(F’ 2 , A 2 ) G 
(r 2 ,+cx)). Then Afc-i(a;i, Ai) G (ri,r 2 ) and Afc_i(a; 2 , A 2 ) G (r 2 ,+oo). Since r 2 is not an 
eigenvalue of any problem in O, Xk-i is not continuous in O. This is a contradiction by 
the assumption that O is connected. 

If Ek-m C (—cxD, ri), then Ei C (—cxd, ri) for all 1 < i < /c — m — 1, and consequently, 

Xj{oJ, A) = Xj_i{u, A) for all (cu. A) G and 1 < j < k — m. 

If Ek-m C (r 2 , +cxd), then using the same method as employed in the above paragraph, 
one can show that either Ek-m-i C (—cxD,ri) or Ek-m-i C (r 2 ,+cxD). If Ek-m-i C 
(—cxD, ri), then Ej C (—cxd, ri), l<j<k — m — 2. Hence, Xk-mix^, A) = Afc_i(6i;, A) and 
Aj(6i;, A) = Aj_i(6i;, A), 1 < j < /c — m — 1, for all (cu. A) G O. If Ek-m-i C (r 2 ,+cxD), 
then again using the same method as employed in the above discussion, one can show 
that either Ek-m -2 C (—cxD,ri) or Ek-m -2 C (r 2 , +cxd). This procedure can be hnished in 
hnite steps. 

Further, since the n-th eigenvalue functions Aj,0 < j < k — 1, restricted in O are 
continuous, Aj is continuous in O for each 1 < i < k — m. Then (i) has been shown. 

Now, we show that (ii) holds. We only consider the case that Ei C (—cxD,ri) for some 
1 < i < k—m. The other case can be similarly discussed. Otherwise, there exists a positive 
number M > |ri| such that for any neighborhood U of (cuq, Aq) in U {(cuo; Aq)}, there 
exists (ch. A) G W\{(6i;o, Aq)} satisfying —M < Ai(a>, A) < ri. Since (cuq, Aq) has exactly 
m eigenvalues in (—M, r 2 ), by Lemma 2.5 there exists a neighborhood Ui C OLI{(ujo, Aq)} 
of (cuo, Aq) such that each (w. A) G Ui has exactly m eigenvalues in (—M, r 2 ). However, 
taking U C L/i, we get that (cu. A) has at least m -|- 1 eigenvalues in (—M, r 2 ) by the 
assumption that each (cx;. A) G O has m eigenvalues in (ri,r 2 ). This is a contradiction. 
The entire proof is complete. 

In some cases, (u, A) G x may be continuously dependent on some real 

parameters or variables. For example, (cu. A) is continuously dependent on I// 0 ; (cu, 
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is continuously dependent on a and I3] (a;, A), where A G Ofs, is continuously dependent 
on variables au and 622 , etc. Then, we write (u!,A)i, instead of (cx;, A) to indicate the 
dependence of {ut, A) on a variable or parameter u in some situations for convenience. 
Next, we shall discuss the dependence of A„(z/) := A„(( 6 i;, A),^) on z/. 

Lemma 2.7. Let (u, A)i, G x be continuously dependent on a real variable or 
parameter v in (z/q — e, z/q + e) for some e > 0 and O := {(a;, A),^ : z/ G (z/q — e, z/q + e)}. 
Assume that (uj,A)^^ has exactly m > 1 eigenvalues and for eaehn G (z/q —e, z/o + e)\{z/o}, 
A)^ has exaetly k eigenvalues with k > m. 

(i) If the n-th eigenvalue functions \n{n) are non-increasing in (z/q — co,uq) for all 
0 < n < k — 1, then they satisfy the following asymptotic behaviors near z/q-' 

lim A„(z/) = — 00 , 0<n<k — m — 1, (2.12) 

hm_ A„(z/) = Xn-k+m{i^o), k-m<n<k-l. (2.13) 

(ii) If the n-th eigenvalue functions A„(z/) are non-decreasing in (z/q — eo; ^ 0 ) for all 

< n < k — 1, then they satisfy the following asymptotic behaviors near z/q-' 

lim An(z/) = A„(z/o), 0 < n < m — 1 , lim A„(z/) = +cxd, m < n < k — 1. 

(hi) If the n-th eigenvalue functions A„(z/) are non-inereasing in (z/q, + ^o) for all 

0 < n < k — 1, then they satisfy the following asymptotic behaviors near uq: 

lim An(z/) = An(z/o), 0 < n < m — 1 , lim An(z/) = +00, m < n < k — 1. 

(iv) If the n-th eigenvalue functions A„(z/) are non-decreasing in (z/q, + ^o) for all 

0 < n < k — 1, then they satisfy the following asymptotic behaviors near z/q-' 

lim A„(z/) = —cxD, 0 < n < k—m—1, lim A„(z/) = \n-k+m{r'o), k—m <n< k—1. 

Proof. We only show that (i) holds. The other claims can be shown similarly. 

Let (ri,r 2 ) be a hnite interval such that Aj(z/o) G (ri,r 2 ) for 0 < j < m — 1. Then, 
by Lemma 2.5 there exists 0 < Cq < e such that for each z/ G (z/q — eo,z/o), (w, A)j, has 
exactly m eigenvalues in [ri,r 2 ], which are all in (ri,r 2 ). Its other k — m eigenvalues out 
of [ri,r 2 ] are denoted by Ai(z/) < ■ ■ ■ < Xk-m(r'). 

Fix 1 < i < k — m. We claim that 0~ := {Aj(z/) : z/ G (z/q — eo,z/o)} C (—cxD,ri). 
Otherwise, by (i) of Theorem 2.3, 0~ C (r 2 ,+cxD) and there exists 0 < io < k — 1 
such that Ai(z/) = Ai(,(z/) for each z/ G (z/q — eo,z/o). Since Ai(,(z/) is non-increasing in 
(z/Q - eo, z/q), Ai(z/) = Aio(z/) < Xi^{no - eo/2) = Ai(z/o - eo/2) for each z/ G (z/q - eo/2, z/q). 
By Lemma 2.5, there exists 0 < ei < eo/2 such that (w, A)j, has exactly m eigenvalues 
in (ri, Aj(z/o - eo/2) -h 1) for each z/ G (z/q - ei, z/q]. Since r 2 < Aj(z/) < Aj(z/o - eo/2) -h 1 


14 



and (a;, A),^ has exactly m eigenvalues in (ri, r 2 ) for each z/ G (z/q — ei, z/q), it follows that 
has at least m + 1 eigenvalues in (ri, Ai(z/o — eo/2) + 1) for each z/ G (z/q — ci, z/q). 
This is a contradiction. Hence the claim holds. 

Consequently, A„(z/) = A„_i(z/), z/ G (z/q — Cq, z/q), for each 1 < n < k — m again by 

(i) of Theorem 2.3. It follows from (ii) of Theorem 2.3 that (2.12) holds and then (2.13) 
holds by (i) of Theorem 2.2. The proof is complete. 

Remark 2.3. If m = 0 and the conditions in (i) of Lemma 2.7 are satished, then the 
n-th eigenvalue functions A„(z/), 0 < n < A; — 1, satisfy the following asymptotic behaviors 
near z/q: 

lim A„(z/) = —oo, 0 < n < A; — 1. 

(ii) -(iv) in Lemma 2.7 can be modihed similarly in the case that m = 0. 

Remark 2.4. If the conditions in (i) and (iii) (or (ii) and (iv)) of Lemma 2.7 are satished, 
then (u, A)i.(, is a discontinuity point of A„ for all 0 < n < A; — 1. 

Remark 2.5. In Example 2.1, An(s) is non-decreasing in s G [0,1), and non-increasing 
in s G (1, 2] for each n = 0,1. Thus, the conditions in (ii)-(iii) of Lemma 2.7 are satished 
for k = 2 and m = 1, and therefore, 

lim Ao(<s) = lim Ao(<s) = Ao(l), lim Ai(s) = -|-cxd, lim Ai(s) = -|-cxd. 

s —>•1 + 

This also shows that Ao(s) is continuous at s = 1, and Ai(s) is not continuous at s = 1. 

3. Continuity and discontinuity of the n-th eigenvalue function in the space 
of the SLEs 

In this section, the continuous and discontinuous dependence of the n-th eigenvalue 
function on equation (1.1) is discussed. Its continuity and discontinuity sets in are 
given and its monotonicity in some directions in the continuity set is studied. In particular, 
its asymptotic behaviors near a discontinuity point are completely characterized. 

It was shown in [10] that the n-th eigenvalue depends continuously on the diherential 
equation (1.5) in the continuous case. However, the following example shows that the 
n-th eigenvalue may not depend continuously on equation (1.1) in the discrete case. 

Example 3.1. Let s G [1/10,2]. Consider the 1-parameter family of the SLPs, in which 

/o = 1/s, fl = f 2 = 1, gi = g 2 = 0, Wi=W 2 = l, N = 2, 

and the coefficients in (1.2) is the same as (2.6). Then, by Lemma 2.3, direct calculations 
deduce that the characteristic function is 

r(A) = (s-1)A2-sA + 1-s. 
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Thus, the SLP with s = 1 has exactly one eigenvalue and with each s G [1/10,1) U (1, 2] 
has exactly two eigenvalues, which are given as 


Anfs) — 


s+VSs^—8^+4 
2 (^- 1 ) 

0 

s—\/5s^—8^+4 
2{s-l) 


if s e [1/10,1), 
if s = 1, 
ifse (1,2], 


.-yg.^_8.+4 if 5 e [1/10,1), 

,+Vg._8.+4) if (1^2], 


See Figure 3.1 below. It is evident that the n-th eigenvalue function A^ is not continuous 


at s = 1 for each n = 0,1. This example shows that the n-th eigenvalue may not depend 
continuously on l//o in general. 



Figure 3.1. 

Fix a BC r .. .. it 

^ _ Oil ai 2 Oil Oi 2 
021 O22 ^21 ^22 

in this section. We shall study continuous dependence of the n-th eigenvalue on the SLE. 
We need the following monotonicity results of the continuous eigenvalue branches: 

Lemma 3.1 [ 22 , Theorem 4 . 8 ]. Fix a BC A. Then, each continuous eigenvalue branch 
A over hi*’’'’ is non-increasing in every { 1 /fj)-direction for 0 < j < N — 1 , independent 
of fN, ond non-decreasing in every qj-direction; while its positive and negative parts are 
non-increasing and non-decreasing in every Wj-direction, respectively. 

For convenience, we introduce the following notations. Let pi := 011622 — O21612, 
fi2 := 022612 - 012622- If /Oi 7^ 0, denote 

71 := -1x2/Fi, C := {u e : I//0 = v}, 

:= {a; G : I//0 > v}, S- := {a; G : I//0 < v}, 

Si := {u) G : I//0 = —l/oii} if On 7^ 0 ; S2 '■= {u) G : I//0 = O12}. 


And Sf, Sf, Sf, Sf can be similarly dehned. 

Due to (2.5) and the discussion below it, we shall divide our study here into the 
following three cases: 
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(i) /ii 7 ^ 0 ,/i 2 7 ^ 0 ; 

(ii) either ni = 0 , /i 2 7 ^ 0 , or /ii 7 ^ 0 , /i 2 = 0 ; 

(hi) /ii = 0,/i2 = 0. 

Theorem 3.1. Fix a BC A. Assume that /ii 7 ^ 0 anc? /i 2 7 ^ 0. Then for each u & 8, 
{oj, A) has exactly N — 1 eigenvalues, and for each u G Q^~^\ 8 , (u, A) has exactly N 
eigenvalues A„(6i;) := A„(6i;, A), 0 < n < A — 1, which satisfy that 

(i) A„(6 i;) are continuous in Q^~^\ 8 ; 

(ii) A„(6 i;) restricted in each connected component of 8 '^ or 8 ~ are non-increasing in 
every {1 / fj)- direction, independent of fN, and non-decreasing in every qj-direction, 
while its positive and negative parts are non-increasing and non-decreasing in every 
Wj -direction, respectively; 

(hi) A„(a;) are not continuous at each point of 8 , and have the following asymptotic 
behaviors near any given Uq E 8 : 


lim Ao(w) = — 00 , (3.1) 

lim An(a;) = An-i(a;o), 1 < n < A - 1, (3.2) 

lim An(cA;) = An(cA;o), 0 < n < A — 2, (3.3) 

U£* 

lim X^Au) = +CXD. (3.4) 

£+Bw—>-wo 


And consequently, Xn(ca) restricted in 8^ U8 is continuous for each 0 < n < A — 2 . 

Proof. By (2.4), r(a;, A) = 1 for each u E 8 , and r(a;, A) = 2 for each u G Q^~^\ 8 . It 
follows from Lemma 2.4 that {oj, A) has exactly A — 1 eigenvalues for each u) E 8 and 
(a;, A) has exactly A eigenvalues for each oj E Q^^\8. 

Now, we show that (i) and (ii) hold. Since (ca;. A) has exactly A eigenvalues An(a;), 
0 < n < A — 1, for each u E Q^^\ 8 , which is an open set of An(cx;) is continuous in 
fl^^\8 and is locally a continuous eigenvalue branch in each connected component of 8~^ 
or 8~ for each 0 <n<A — Iby Theorem 2.1. This, together with Lemma 3.1, implies 
its monotonicity in each connected component of 8~^ or 8~. 

Next, we show that (hi) holds. It suffices to prove (3.1)-(3.4). Fix any 

^^0 := iv, 1//0>• • • > Qi,---,'Wi,-- -,'w%) e 8 . 

Let (ri, r 2 ) be a finite interval such that Aj(a;o) G (ri, r 2 ), 0 < j < A — 2. By Lemma 2.5, 
there exists a neighborhood Id of Uq in 12*’^ such that for each u Eld, {u, A) has exactly 
A — 1 eigenvalues in [ri,r 2 ], which are all in (ri,r 2 ). Denote 

Id- := 8-nld, :=8nu, A+ := 8+AU. 
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Note that U can be chosen snfficiently small such that U~, tf' and are connected. 

Since (cx;, A) has exactly N eigenvalues for each a; G it has exactly one eigenvalue, 

denoted by A(a;), outside [ri,r 2 ]. It follows from (i) of Theorem 2.3 that either F := 
{A(6i;) ; (jj G C (—cxD, ri) or F C (r 2 , +cxd). 

Denote a;(s) := (s, I//?, ••• ••• «;?,••• ,w%), s G M, and O := {a;(s) : 

s G (?7 — e,ri)} with 0 < e < |? 7 |. Then Uq = U){ri) and for each s E {rj — e,ri), (a;(s), A) 
has exactly N eigenvalues An(a;(s)), 0 < n < A — 1, and (uj{ri),A) has exactly A — 1 
eigenvalues. By (ii), A„(a;(s)) is non-increasing in (77 — e,r]) for each 0 < n < A — 1. 
Hence, lim^^^- Ao(w(<s)) = —cxd by (i) of Lemma 2.7. This implies that there exists an 
(jJi G U~ such that Ao(cni) < ri. Hence, A( 6 i;i) = Ao(cni). Thus, again by (i) of Theorem 
2.3, F = {Ao(cn) ; co G U~} C (—cxD,ri). By (ii) of Theorem 2.3 one gets that (3.1) holds. 

With a similar argument to the proof of (3.1), one can show that (3.4) holds. 

Note that is connected and (a;. A) has exactly A — 1 eigenvalues for each UJ G 
Hence, A„ restricted in is continuous and locally a continuous eigenvalue branch for 
each 0<n<A — 2by Theorem 2.1. This, together with Theorem 2.2, implies that (3.2) 
and (3.3) hold. The entire proof is complete. 

Theorem 3.2. Fix a BC A. Assume that either yUi = 0,/i2 7 ^ 0 or 7 ^ 0,/i2 = 0. Then 
for each u G {oj, A) has exactly A eigenvalues A„(a;), 0 < n < A — 1, which satisfy 

that 

(i) Xn(u>) are continuous in 

(ii) An(w) restricted in each connected component of have the same monotonicity 
as that in (ii) of Theorem 3.1. 


Theorem 3.3. Fix a BC A. Assume that /ii = 0 and /i 2 = 0. Then the BC A can be 
written as 


either 


Ai = 


r an -1 

0 

0 1 

A 

r 1 

ai2 

0 0 1 

1 - 

0 

0 

-1 

0 

or A 2 = 

1 — 

0 

0 

1 

0 

1 


(i) In the case that A = Ai with an 7 ^ 0, (cn. A) has exactly A —2 eigenvalues for each 
u) G Si, and (cn. A) has exactly A — 1 eigenvalues Xnioj), 0 < n < N — 2, for each 
u) G Q^^\Si, which satisfy that 

(ia) A„( 6 i;) are continuous in Q^~^\Si; 

(ib) A„(a;) restricted in each connected component of Si orSf have the same mono¬ 
tonicity as that in (ii) of Theorem 3.1; 

(ic) An(w) are not continuous at each point of Si, and have the following asymptotic 
behaviors near any given Uq G Si : 
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lim Ao(ti;) = —oo, lim \n(u>) = A„_i(a;o), I < n < N — 2, 
lim A„(a>) = Xn{u>o), 0 < n < N — 3, lim Xn- 2 {oiJ) = +cxd. 

And consequently, Xn(cij) restricted in U Si is continuous for each 0 < n < 
N-3. 

(ii) In the case that A = A 2 with di 2 7 ^ 0, similar results in (i) hold for Si, Sf, Sf 
replaced by S 2 , Sff, Sf, respectively. 

(iii) In the case that A = Ai with cin = 0 or A = A 2 with di 2 = 0, (a;, A) has exactly 
N — 1 eigenvalues Xnipj), 0 < n < A — 2, for each u) G , which satisfy that 

(iiia) A„( 6 i;) are continuous in fl*’"''; 

(iiib) Xnipj) restricted in each connected component of have the same mono¬ 
tonicity as that in (ii) of Theorem 3.1. 

Since the proofs of Theorems 3.2-3.3 are similar to that of Theorem 3.1, we omit their 
details. 

4. Continuity and discontinuity of the n-th eigenvalue function in the space 
of the BCs 

In this section, the continuous and discontinuous dependence of the n-th eigenvalue 
function on the boundary condition (1.2) is investigated. Its continuity and discontinuity 
sets in are given and its monotonicity in some directions in the continuity set is 
studied. Especially, its asymptotic behaviors near a discontinuity point are completely 
characterized. 

Fix a difference equation a) = {l/f,q,w) G in this section. By Lemma 2.1, 
equals the union of Cfa, Of 4 and Of 4 , which are four open sets of B'^. Thus, we 
shall consider the n-th eigenvalue function A„ in Of^, Of^, 0 ^ 4 , and 0 ^ 4 , separately. 
We shall remark that the method used here is different from that used in the continuous 
case [10], where the authors divided the BCs into the separated and coupled ones. The 
method used here is more convenient in dealing with the discrete case. Finally, we shall 
apply our results to the separated and coupled BCs. 

We now introduce the following notations for convenience: 

i3i,4 ;= {a G 0^4 : ai 2 = I//0} , ^2,4 := {a G 0^4 : an = -/o} , 

^ 1,3 •= IA G Ofg : (ai2 — l//o)&22 = ) ^ 2,3 •= IA G Of^^ : (an -|- /o)&22 = ^ 

C := J J 0 ’ ^ '■ ^22 > 0 } \ {C} , 

^1,31 ■= IA G : ai 2 < 1//o, ^22 < o| \ {C} , 
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^l, 3 r ;= IA G Oi-^ : ai2 > 1//o, &22 > 0, (ai2 — 1//o)&22 > , 

^1^3/ := IA G : ai2 < 1//o, &22 < 0, (ai2 — 1//o)&22 > , 

^ 2 , 3 r •= IA G i 32,3 • ®11 + /o ^ 0 , 622 > o| \ {C} , 

^ 2 , 3 Z •= IA G i32,3 ; Oil + /o < 0 ,622 < o| \ {C} , 


and B^^, and B^^, B 2 4 , 
3, respectively; B^^r B 
Then C>c^ = S+ US,, 4 US -4 


B 4 3 and B 2 3 can be defined similarly as and S in Section 
^ 3 ; can be defined similarly as Bf^j. and B^^i, respectively. 
, C>j 3 = f3t,3r U Si, 3 U S -3 U S+ 3 ;, Si, 3 = Si, 3 . u {C} U Si, 3 i and 


Si,3r n Si, 3 i = 0 for i = 1 , 2 . 

Let S ;= Uj ^3 Si,j. Then 6*(a>, A) = 0 if and only if A G S for the fixed equation 
a>, where 9 is defined by (2.5). 


Note that there are two real parameters in each 1 < f < 2, 3 < j < 4. Now we 
recall the monotonicity of the continuous eigenvalue branches with respect to the two real 
parameters, which was obtained in [ 22 ]. 


Lemma 4.1 [22, Theorem 4.6]. Fix a difference equation u. Then, in each of the co¬ 
ordinate systems Of 3 , Of 4, 0^3 and Of 4 in B'^, every continuous eigenvalue branch is 
always non-decreasing in the two real axis direetions. 

For example, in Of 4 , every continuous eigenvalue branch is always non-decreasing in 
the ai 2 -direction and in the 621 -direction. 


Theorem 4.1. Fix a differenee equation u. Then for each A G Si, 4 , (cfi. A) has exactly 
N — 1 eigenvalues and for each A G Of 4 \Si, 4 , (cfi. A) has exactly N eigenvalues A„(A) ; = 
A„(h;, A), 0 < n < iV — 1 , which satisfy that 

(i) A„(A) are continuous in Of 4 \Si, 4 ; 

(ii) A„(A) restricted in Bf^ and Bf^ are always non-decreasing in the au-direction and 
in the h 2 i-direction; 

(in) A„(A) are not continuous at each point of Si ,4 and have the following asymptotic 
behaviors near any given Aq G Si, 4 .- 

lim A„(A) = A„(Ao), 0 < n < iV — 2, lim AAr_i(A) = -|-cxd, (4.1) 

^1 4UBi^4 9A—^Aq 4 9A^Ao 

lim Ao(A) = — 00 , lim A„(A) = A„_i(Ao), 1 < n < iV — 1 . (4.2) 

Sf —^A-o Sf —^Ao 

Consequently, A„(A) restricted in Bf^ U Si ,4 is continuous for each 0 < n < N — 2. 
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Proof. By (2.4), r(a), A) = 1 for each A G Si, 4 , and r(a>, A) = 2 for each A G Of^ 4 \Si, 4 . 
It follows from Lemma 2.4 that (a), A) has exactly N — 1 eigenvalues for each A G Si, 4 
and (a), A) has exactly N eigenvalues for each A G 4 X 61 ^ 4 . 

Now, we show that (i) and (ii) hold. Since (ch. A) has exactly N eigenvalues An(A), 
0 < n < A — 1, for each A G 8^4 (or 8 ^ 4 ), which is an open and connected subset of S*^, 
A„(A) is continuous and locally a continuous eigenvalue branch in 8^4 (or 8 ^ 4 ) for each 
0<n<A — Iby Theorem 2.1. This, together with Lemma 4.1, implies its monotonicity 
in 8^4 (or 8 ^ 4 ). 

Next, we show that (iii) holds. It suffices to show that (4.1)-(4.2) hold for any given 
Ao G Si,4. Let (ri, r 2 ) be a hnite interval such that Aj(Ao) G (ri, r 2 ) for all 0 < j < A —2. 
By Lemma 2.5, there exists a neighborhood V of Aq in O 44 such that for each A G V, 
(ch. A) has exactly A — 1 eigenvalues in [ri,r 2 ] that are all in (ri,r 2 ). Let 


V ;= 8 i ^4 n V, V° := Bi,4 n V, V+ ;= B +4 n V. 

Note that V can be chosen such that V“, and V'*' are connected. Since (ch. A) has 
exactly A eigenvalues for each A G V~, it has exactly an eigenvalue, denoted by A (A), 
outside [ri,r 2 ]. By (i) of Theorem 2.3, either G := {A(A) ; A G V~} C (—cxD,ri) or 
G C (r2, +00). 


Suppose that 


Denote 


An — 


A(s) := 


1 I//0 
0 

1 
0 


s 

vO 




0 

1 

0 

1 


G Bi,4. 


s G 


Then Aq = A(l//o). Note that each (ch, A(s)) has exactly A eigenvalues for each s G 
(— cxD, I// 0 ), and (ch, A(l//o)) has exactly A — 1 eigenvalues. By (ii), An(A(s)) is non¬ 
decreasing in (— 00 , 1 // 0 ) for each 0 < n < A —1. Hence, lim^^^^j;- AAr_i(A(s)) = -|-cxd by 
(ii) of Lemma 2.7. This implies that there exists an Ai G V~ such that AAr_i(Ai) > r 2 . 
Hence, A(Ai) = AAr_i(Ai). Thus, again by (i) of Theorem 2.3, G = {AAr_i(A) ; A G 
V“} C (r 2 , -|-cxd). By (ii) of Theorem 2.3, the second relation in (4.1) holds. 

With a similar argument to the proof of the second relation in (4.1), one can show 
that the hrst relation in (4.2) holds. 

Since is connected and (a). A) has exactly A — 1 eigenvalues for each A G V°, by 
Theorem 2.1 A^ restricted in is continuous and locally a continuous eigenvalue branch 
for each 0 < n < A — 2. This, together with Theorem 2.2, shows that the first relation 
in (4.1) and the second relation in (4.2) hold. This completes the proof. 


Theorem 4.2. Fix a difference equation u. Then similar results in Theorem 4.1 hold, 
where O 44 , 81 ^ 4 , 844 , 844 , and 042 are replaced by O 24 , 82 , 4 , 8 ^ 4 , 824 , and an, respec¬ 
tively. The corresponding relations in (4.1)-(4.2) are denoted by (4.1')-(4.2'). 
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Proof. Since the proof is similar to that of Theorem 4.1, we omit its details. 


Theorem 4.3. Fix a difference equation u). Then (cD, C) has exactly N — 2 eigenvalues, 
and for each A G i3i,3\{C}, (ch, A) has exactly N — 1 eigenvalues, and for each A G 
(a), A) has exactly N eigenvalues A„(A), 0 < n < A — 1, which satisfy that 

(i) A„(A) are continuous in 

(ii) A„(A) restricted in Bf^, Bf^^ and B^^i are non-decreasing in the ai 2 -direction and 
in the b 22 -direction; 

(hi) An(A) are not continuous at each point of Bi^s and furthermore, 

(iiia) they have the following asymptotic behaviors near any given Aq G 

lim A„(A) = A„(Ao),0 < n < A - 2, 

^1 aAq 

lim AAr_i(A) = +CXD, lim Ao(A) = —oo, o\ 

Bj;;39A-^Ao b+3^9A^Ao 1 

lim A„(A) = A„_i(Ao), 1 < n < A - 1; 

tsf 3,,5A—^Ao 


(iiib) they have the following asymptotic behaviors near any given Aq G Bi^si: 

lim Ao(A) = —oo, 

^1 3^A—^Aq 

_ lim A„(A) = A„_i(Ao), 1 < n < A - 1, 

^1 3^"^—^Aq 

lim A„(A) = A„(Ao), 0 < n < A - 2, 

3A—>Ao 

lim AAr_i(A) = +cxd; 


(4.4) 


(iiic) they have the following asymptotic behaviors near C.' 


lim 

Ac 

,(A) = -oo, 

lim Ai(A) = — 

'](3^UBl,3rUBj^_3 


B+3,9A^C 

lim 

An(A) 

= \n{C), 0 

< n < N — 3, 

’i^3;UBi^3/9A—>-C 


lim 

An(A) 

= A,,_i(C), 

1 < n < A — 2, 


35A—^-C 


lim A„(A) = A„_ 2 (C), 2 < n < a - 1, 

B+3,9A^C 

lim AAr_ 2 (A) = +CXD, lim AAr_i(A) = +cx). 

B+3,uBi,3i9A-H>c b+3,uB];;39A^>c 


And consequently, A„(A) restricted in B^^UBi^^r and Bf^iU Bi^^iU {C} is continuous for 
each 0 < n < N — 3, and AAr_ 2 (A) restricted in Bf^ U Bi^^r and B^^i U Bi^^i is continuous. 

Proof. Since the proofs of (i), (ii), (iiia) and (iiib) are similar to those of Theorem 4.1, 
we omit their details. 

The rest is to show that (iiic) holds. Note that (a), C) has exactly A — 2 eigenvalues. 
Let (ri, r2) be a hnite interval such that Xj{C) G (ri, r2) for all 0 < j < A —3. By Lemma 
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2.5, there exists a neighborhood Vi of C in such that for each A G Vi, (ch, A) has 
exactly N — 2 eigenvalues in [ri,r 2 ] that are all in (ri,r 2 ). Note that Vi can be chosen 
such that Vi fl Vi fl Vi fl Vi fl Bi^^i, and Vi fl B^^i are connected. Then 
we divide our proof in three steps. 

Step 1. We show that 


lim Ao(A) = — cxD, lim An(A) = An_i(C), 1 < n < A — 2, (4.6) 

lim An(A) = An(C), 0 < n < A — 3, lim AAr_ 2 (A) =+cx). (4.7) 

Since for each A G Vi fl Bi^sr, (w, A) has exactly A — 1 eigenvalues, and then has 
exactly an eigenvalue, denoted by A(A), outside [ri,r 2 ]. By (i) of Theorem 2.3, H := 
{A(A) ; A G Vi n Bi^sr} C (- 00 , ri) or H C (r 2 , +oo). 


Let 


Ai(s) = 


1 s 
0 0 


0 


0 

0 


s G 


Then Ai(l//o) = C. For each s G (1//o,+cxd), (a), Ai(s)) has exactly A — 1 eigenvalues 
and (a), Ai(l//o)) has exactly A —2 eigenvalues. By Theorem 2.1, A„(Ai(s)) is continuous 
and locally a continuous eigenvalue branch in (l//o, +cxd) for each 0 < n < A — 2. This, 
together with Lemma 4.1, implies that An(Ai(s)) is non-decreasing in (l//o, +cxd) for each 
0 < n < A — 2. Hence, lim^^j^y^+ Ao(Ai(s)) = —cxd by (iv) of Lemma 2.7. This implies 
that there exists an Ai G Vi fl Bi^sr such that Ao(Ai) < ri. Hence, A(Ai) = Ao(Ai). 
Thus, again by (i) of Theorem 2.3, H = {Ao(A) ; A G Vi fl Bi^^r} C (—cxD,ri). Then it 
follows from (ii) of Theorem 2.3 that the hrst relation in (4.6) holds. 

With a similar argument to the proof of the hrst relation in (4.6), one can show that 
the second relation in (4.7) holds. 

It follows from Theorem 2.2 that the second relation in (4.6) and the hrst relation in 
(4.7) hold. 

Step 2. We show that 


lim An(A) = —oo, n = 0,1, lim A„(A) = An_ 2 (C), 2 < n < A — 1, (4.8) 

B+3,9A^C B+3^3A^C 

lim A„(A) = A„(C), 0 < n < A—3, lim A„(A) = -|-cxd, n = A—2, A—1. (4.9) 

b+3,9A^c 


Since for each A G Vi fl (u, A) has exactly A eigenvalues, and then has exactly 
two eigenvalues, denoted by Ai(A) < A 2 (A), outside [ri,r 2 ]. By (i) of Theorem 2.3, either 
In := {A„(A) ; A G Vi n C (—oo, ri) or C (r 2 , +oo) for each n = 1, 2. 

Let 


A2(s) — 


1 s 
0 


s G 


- l//o 0 0 

0 -Is 

Then A2(0) = C. (a), A 2 (s)) has exactly A eigenvalues for each s G (0,-l-oo), and 
(ch, A2(0)) has exactly A —2 eigenvalues. By (ii), A„(A 2 (s)) is non-decreasing in (0,-|-oo) 
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for each 0 < n < iV — 1. Hence, by (iv) of Lemma 2.7, lim 5 ^o+ An(A 2 (s)) = —oo, n = 0,1. 
This implies that there exists A 2 G Vi fl such that A„(A 2 ) < ri, n = 0,1. Hence, 
An(A 2 ) = An-i(A 2 ), n = 1, 2. Thus, again by (i) of Theorem 2.3, /„ = {An_i(A) ; A G 
Vi n C (— 00 , ri), n = 1, 2. By (ii) of Theorem 2.3, the hrst relation in (4.8) holds. 

With a similar argument to the proof of the hrst relation in (4.8), one can show that 

the second relation in (4.9) holds. 

It follows from Theorem 2.2 that the second relation in (4.8) and the hrst relation in 
(4.9) hold. 

Step 3 . We show that 

lim Ao(A) = — 00 , lim AAr_i(A) = +cxd, (4-10) 

lim A„(A) = A„_i(’C), 1 < iV < iV - 2. (4.11) 

b^^ba^c 

Since for each A G Vi fl (a). A) has exactly N eigenvalues, and then has exactly 
two eigenvalues, denoted by A 3 (A) < A 2 (A), outside [ri,r 2 ]. By (i) of Theorem 2.3, 
either := {A(j(A) ; A G Vi fl B^ ^} C (—cx),ri) or Jn C (r 2 , +cxd) for each n = 1,2. 
Let A 3 G Vi n Hi^ 3 r and A 4 G Vi fl Bi^^i. Then it follows from Step 1 that Ao(A 3 ) G 
(—cxD, ri) and A 7 v- 2 (A 4 ) G (r 2 , +cxd). By Lemma 2.6, Ao(A 3 ) lies in a continuous eigenvalue 
branch Ai dehned in a connected neighborhood V 2 of A 3 in (Tfg. Thus, one can choose 
A 5 G Vi n V 2 n H 73 sufficiently close to A 3 such that Ai(A 5 ) G (—oo,ri). Similarly, 
AAr_ 2 (A 4 ) lies in a continuous eigenvalue branch A 2 dehned in a connected neighborhood 
V 3 of A 4 in 0 ^ 3 . Thus, one can choose Ag G Vi fl V 3 fl B'^^ sufficiently close to A 4 
such that A 2 (A 6 ) G (r 2 ,+cxD). Since either C (—cxD,ri) or C (r 2 , +cxd) for each 
n = 1,2, again by (i) of Theorem 2.3, Ji = {Ao(A) ; A G Vi fl ^^ 3 } C (—cxD,ri) and 
■h = {A 7 v-i(A) ; a G Vi n B^ ^} C (r 2 , +cxd). By (ii) of Theorem 2.3, (4.10) holds. With 
a similar argument to that used in the proof of Theorem 2.2, one can show that (4.11) 
holds. The whole proof is complete. 

Theorem 4 . 4 . Fix a difference equation u. Then similar results in Theorem 4.3 hold, 
where £>^ 3 , Hi, 3 , Hi, 3 ^, Hi, 3 «, B^.^, H+ 3 ;, and ai2 are replaced by £>^ 3 , H 2 , 3 , H 2 , 3 r; 

H2,30 ^2,3? ^ 2 , 3 r> ^ 2,31 > and ail, respectively. The corresponding relations in (4.3)-(4.5) 
are denoted by (4.3')-(4.5'). 

Proof. Since the proof is similar to that of Theorem 4.3, we omit its details. 

Combining Theorems 4.1-4.4 yields the continuity and discontinuity sets for each of 
the n-th eigenvalue function in B'^: 

Theorem 4 . 5 . Fix a difference equation U). Then (ch, C) has exactly N — 2 eigenval¬ 
ues, (ch. A) has exactly N — 1 eigenvalues for each A G H\{C}, and (ch. A) has exactly 
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N eigenvalues for each A G B^\B. Moreover, the n-th eigenvalue function An(A) is 
continuous in B'^\B and not continuous at each point of B for each 0 < n < iV — 1. 

Now we apply Theorems 4.1-4.4 to the separated and coupled BCs, respectively. We 
introduce the following notations for convenience: f := arctan(—l//o) +7r for /o > 0, and 
i := arctan(-l//o) for /o < 0; 

Bsi ■= {Sa ,/3 e Bs : {a, (3) e x (0,7r] or {a, (3) e [0,7r) x {tt}}, 

Be, := {[e^^K I - /] G Be : 7 e [0,7r), A G BL(2,R), ^ 0, = /o}, 

B+ ;= {[e^^K | - /] g Be : 7 e [0, tt), A G BL(2,R), k^^ ^ 0, k^^/k^^ > /o}, 

Bc^ ;= {[e^^K | - /] g Be : 7 e [ 0 , tt), A G BL( 2 ,R), A:i2 ^ 0 , A:n/A;i2 < /o}, 

where Sa,g is dehned by (2.2). By Lemma 2.2, 6{u}, A) = 0 if and only if A G Bs, U Be,, 
where 6 is defined by (2.5). Thus 

B = Bs,UBe,. (4.12) 


The following result gives the continuity and discontinuity sets of Xn restricted in Bs 
and asymptotic behaviors of in B*^ near each discontinuity point. 

Corollary 4.1. Fix a difference equation U). Then (a), 8 ^,,^) has exactly N — 2 eigenvalues, 
and (a), Sa^g) has exactly N — 1 eigenvalues for each Sa^g G B5'^\{S^^7r}; ctnd (a), Sq,^^) has 
exactly N eigenvalues for each Sa^g G Bs\Bs, ■ Moreover, the n-th eigenvalue function 
Xn in B^ is continuous in Bs\Bs, and not continuous at each point of Bg, for each 
0 < n < N — 1, and furthermore, 

(i) for any fixed Pq G (0,7r), (4.1)-(4.2) and (4.1')-(4.2') hold for Aq replaced by S^^g^; 


(ii) for any fixed Oq ^ [0;(4.3) holds for Aq replaced by in the case 
that G Bigr, o.nd (4.4) holds for Aq replaced by in the other case that 

SaOi'''' ^ Bi^30 


(hi) (4.3') holds for Aq replaced by S„/ 2 ,-k in the case that 8 ,^/ 2 ,tt ^ B 2 , 3 r, and (4.4') holds 
for Aq replaced by 8 ^/ 2 ,tt in the other case that 8 ^/ 2 ,tt G B 2 gi; 

(iv) (4.5) and (4.5') hold for C replaced by 8 ^^ 7 r- 


Proof. The number of eigenvalues of each (a), Sa,g) can be easily verihed by Lemma 2.4. 
Since Bs\Bs, C B‘^\B, A„ in B^ is continuous in Bs\Bs, for each 0<n<A — Iby 
Theorem 4.5. Then, it suffices to show that (i)-(iv) hold. 

(i) Fix any /3q G (0,7r). It is clear that 


S«,/3o - 


1 I//0 0 0 

0 0— cot /3q 1 


G Bi^ 4 n B2,4. 


Applying Theorems 4.1-4.2 to 8^,^p, one gets that (i) holds. 
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^ ^l,3r U 


(ii) Fix any ao G [0, 7 r)\{.^, 7 r/ 2 }. It is clear that 

_ 1 — tan tto 0 0 

[ 0 0 -10 

Applying (iiia)-(iiib) in Theorem 4.3 to SoQ,,r, one gets that (ii) holds, 
(hi) It is clear that 

"0-1 0 0 
0 0-10 


^7r/2,7r 


£ ^2,3r U B: 


2 , 31 - 


Applying (iiia)-(iiib) in Theorem 4.4 to 8 ,^/ 2 ,tt, one gets that (hi) holds, 
(iv) It is clear that 


St,.= 


1 l//o 0 0 

0 0-10 


= c. 


Applying (iiic) in Theorems 4.3-4.4 to 8 ^,,^, one gets that (iv) holds. The proof is complete. 


The following lemma is the monotonicity result of continuous eigenvalue branches with 
respect to the two real parameters a and (3 for Sa,j 3 - 

Lemma 4.2 [22, Theorem 4.4]. Each continuous eigenvalue branch over Bs is always 
strictly decreasing in the a-direction and always strictly increasing in the (3-direction. 


Now, we consider A„ restricted in Bs for each 0 < n < iV — 1. For a hxed /3o G (0, tt], 
set \n{oi) := \n{Sa,i3o), and for a hxed ao ^ [OjTt), set \n{/ 3 ) := A„(8ao,/3) for convenience. 


Corollary 4.2. Fix a difference equation oj. Then 

(i) for any fixed /3o G (0,7r), the n-th eigenvalue functions Aji(a) are strictly decreasing 
in [0, .^) or n) for allQ <n < N — 1, and have the following asymptotic behaviors 
near 0 and 

lim A„(a) = An(0), 0 < n < iV — 1, (4-13) 

(A—>-7r~ 

lim Ao(a) = —oo, lim A„(a) = A„_i(.^), 1 < n < iV — 1, 

lim Aji(a) = A„(.^), 0 < n < iV — 2, lim A 7 v-i(o) = +cx3, 
and consequently, A„(a) is continuous in [C,7r) for each 0 < n < N — 2; 

(ii) for any fixed ao G [0,7r)\{.^}, the n-th eigenvalue functions \n{(3) are strictly increas¬ 
ing in (0,7r) for all < n < N — 1, and have the following asymptotic behaviors 
near n: 

lim Xn{(3) = A„(7r), 0 < n < iV — 2, lim X]s-i{f3) = +oo, 

j3^iT~ /3—>-7r~ 

lim^ Ao(/9) = —cxD, lim^ Aji(/9) = A„_i(7r), 1 < n < iV — 1, 

and consequently, Xn{(3) is continuous in (0,7r] for each 0 < n < N — 2; 

(ih) for (do = tt, similar results in (i) hold for N — 2, N — 1 replaced by N — 3, N — 2, 
respectively. 
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(iv) for ao = similar results in (ii) hold for N — 2, N — 1 replaced by N — 3, N — 2, 
respectively. 

Proof. It suffices to show that (4.13) holds since the rest is direct consequence of Theorem 
2.1, Lemma 2.7, Corollary 4.1 and Lemma 4.2. 

Fixed /do G (0,7r). Since {Sa,/3o ■ o: E [0,.^) U (^,7r)} is connected and (a), Sa,/3o) has 
exactly N eigenvalues for each a G [0,.^) U (C,7r), the n-th eigenvalue function A„ is 
continuous and locally a continuous eigenvalue branch in {Sq, : a e [0,0 U (00} for 
each 0<n<iV — Iby Theorem 2.1. Then lim^^^- Sa,/3o = So,/ 3 o implies that (4.13) 
holds. This completes the proof. 


The following result gives the continuity and discontinuity sets of Xn restricted in Be 
and asymptotic behaviors of Xn in B^ near each discontinuity point. 

Corollary 4.3. Fix a difference equations. Then (cu. A) has exactly N — 1 eigenvalues 
for each A G idci, and (a). A) has exactly N eigenvalues for each A G Bc\Bci. Moreover, 
the n-th eigenvalue function Xn in B'^ is continuous in Bc\Bcj^, and not continuous at 
each point of Bc^ for each 0 < n < A — 1; and for any given Ai G Bci, (4.1)-(4.2) and 
(4.1')-(4.2') hold for Aq replaced by Ai. 


Proof. The number of eigenvalues of (a). A) can be easily verihed by Lemma 2.4 for each 
A G Be- Since Bc\Bci C B'^\B, Xn in B^ is continuous in Bc\Bc\ for each 0 < n < A —1 
by Theorem 4.5. Let Ai := [e*'''A| — /] G Bc^. Then kn ^ 0 and ki 2 ^ 0. By Lemma 
3.18 in [13], 


1 ki 2 /kn —e ^'^/ku 0 _ —ku/ki 2 —1 e '^'^/ku 0 (nC p, coC 

0 -k2i/kii 1 e*'^/A;i2 0 - 02/^12 1 


Since kn — foku = 0, Ai G Bi^ir\B 2 ,A- Hence, the conclusion holds by applying Theorems 
4.1-4.2 to Ai. 

Let Xn be restricted in Be for each 0 < n < A — 1. The following result is a direct 
consequence of Corollary 4.3. 

Corollary 4.4. Fix a difference equation a). Then for any given Ai G Hcj, the n-th 
eigenvalue functions Xn, 0 < n < A —1, have the following asymptotic behaviors near Ai: 

lim Ao(A) = — 00 , lim A„(A) = A„_i(Ai), 1 < n < A — 1, 

lim A„(A) = A„(Ai), 0 < n < A — 2, lim AAr_i(A) = +cxd. 

B+^ UBci 3 Ai BA-^Ai 


5. Continuity and discontinuity of the n-th eigenvalue function in the space 
of the SLPs 
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In this section, the continuous and discontinuous dependence of the n-th eigenvalue 
function on the SLP (1.1)-(1.2) is discussed. Its continuity and discontinuity sets in 
X are given and its asymptotic behaviors near a discontinuity point are completely 
characterized. 

Now, we introduce the following notations: 

Pi,4 := {(o;, A) e X 0^4 : ai2 = l//o},P2,4 := {(c^, A) G x : an = -/o} , 
7 ^ 1,3 '■= |(^) A) G X : (ai2 — l//o)&22 = ; 

"^ 2,3 •= A) G X 0^3 : (an + /o)&22 = , 

Ps := |(c^,A) G xB^:A = 

'Pl, 3 r '■= A) G Pi,3 : ai2 — l//o > 0, 622 > 0} \P5, 

'Pi ,31 '■= A) G Pi,3 ; ai2 — I//0 < 0, 622 < 0} \P5, 

Pt,3r |(^) A) G fl*’"'" X 0^2 ■ ®12 ~ I//0 ^ 0) ^22 > 0, (ai2 — 1 //o)&22 > ) 

Ptsi |(^’^) ^ ^ ^p3 • ®i2 — I//0 < 0,622 < 0, (ai2 — 17/0)622 > , 


1 1//0 0 0 1 
0 0 1 0 J’ 


P2,3r ■— {(^ 1 ^, A) G P2,3 : dll + /o > 0, 622 > 0} \P 5 , 

P2,3i '■= A) G P 2,3 : an + /o < 0, 622 < 0} \P 5 , 
p /4 and P 2 '’ 4 , and Pi” 4 , P 2 " 4 , Pf 3 , and are dehned similarly as and S~, respectively; 
P/ 3 ^ and P/ 3 ; are dehned similarly as P/s^ and P/ 3 ;, respectively. Then x Of 4 ^ = 
Pt,A Pi,i 11 ^ ^?,3 — Pt,3r U Pi,3 U Pi,3 U Pt,3l^ Pi,3 = Pi,3r U ^5 U Pi,3l ^ud 

Pi, 3 r n Pi, 31 = 0 , where i = 1 , 2 . 

Let P ;= Uf^i Uj ^3 Pij. Note that 6 *(a;, A) = 0 if and only if (a;. A) G P, where 9 is 
dehned by (2.5). Thus, P consists of the SLPs that have less than N eigenvalues. 


Theorem 5.1. Each (cx;. A) G Pi, 4 has exactly N — 1 eigenvalues and each (cx;. A) G 
X Of^ \Pi, 4 , has exactly N eigenvalues A„(cx;, A), 0 < n < A — 1, which satisfy 

that 

(i) A„(cx;, A) are eontinuous in x Of^ \^i, 4 / 

(ii) A„(cx;, A) are not continuous at each point of Pi, 4 , and have the following asymptotic 
behaviors near any given (cx;o, Aq) G Pi, 4 ." 

lim A„(cx;, A) = A„(cx;o, Ao), 0 < n < A - 2, (5.1) 

lim AAr_i(cx;, A) =+CX), lim Ao(w, A) = —cxd, (5.2) 

Pi ,4 9(i»^,A)—>( cJOiAo) P/49(a;,A)—>-(tJo,Ao) 

lim A„(a;, A) = A„_i(cx;o, Ao), 1 < n < A - 1, (5.3) 

A)"^PoiAo) 

and consequently, A„ restricted in Pf^ UPi ,4 is continuous for each 0 < n < A — 2. 
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Proof. By Lemma 2.4, each (a;, A) G x \^i ,4 has exactly N eigenvalues, 

and each (u, A) G Pi ,4 has exactly A — 1 eigenvalues. Since x \Pi ,4 is an 

open subset of 12®’"'" x B®', by Theorem 2.1 A„(a;, A) is continuous in x \Pi ,4 

for each 0 < n < A — 1 . 

The rest is to show that (5.1)-(5.3) hold for any given (a;o, Aq) G Pi, 4 . Let (ri,r 2 ) be 
a hnite interval such that Aj( 6 i;o, Aq) G (ri,r 2 ) for all 0 < n < A — 2. Then by Lemma 
2.5 there exists a neighborhood y of (wq, Aq) in x 0^4 such that each (u, A) G 3 ^ 
has exactly A — 1 eigenvalues in [ri,r 2 ] that are all in (ri,r 2 ). Let 

3;- ;= n 3 ^, 3^° := Pi,4 n 3^, 3^+ := P+4 n y. 

Note that y can be chosen such that y~ , and 3^+ are connected. Since each (w. A) G 
3^+ has exactly A eigenvalues, it has exactly one eigenvalue, denoted by A(a;, A), outside 
[ri,r 2 ]. By (i) of Theorem 2.3, either L := {A(a;,A) : (a;. A) G 3^+} C (—cx),ri) or 
L C (r 2 , +cxd). For the £x Uq, there exists an (a;o, Ai) G 3^+ such that Ao(ti.;o, Ai) < ri by 
the first relation in (4.2) in Theorem 4.1. Hence, A( 6 i;o, Ai) = Ao(wo; Ai). Thus, again by 
(i) of Theorem 2.3, L = {Ao(w, A) : (w. A) G 3^+} C (—cxD,ri). Then, by (ii) of Theorem 
2.3, the second relation in (5.2) holds. With a similar argument, one can show that the 
first relation in (5.2) holds. Note that 3^° is connected and each (a;. A) G 3^° has exactly 
A —1 eigenvalues. So A„ restricted in is continuous and locally a continuous eigenvalue 
branch for each 0<n<A — 2by Theorem 2.1. This, together with Theorem 2.2, yields 
that (5.1) and (5.3) hold. This completes the proof. 

With a similar method used in the proof of Theorem 5.1, one can show that Theorems 
5.2-5.4 hold. 

Theorem 5.2. Similar results in Theorem 5.1 hold for Pi, 4 , Pi "4 and Pf 4 replaced 

by O 24 , P 2 , 4 , P 2'"4 and separately. 

Theorem 5.3. Each (ca;. A) G P 5 has exactly A — 2 eigenvalues, and each (u), A) G 
Pi, 3 \P 5 has exactly N — 1 eigenvalues, and each (ca;. A) G ^H®’+ x \Pi ,3 has exactly 

A eigenvalues A„(a;, A), 0 < n < A — 1, which satisfy that 

(i) A„(a;, A) are continuous in ^H®’+ x \^i, 3 / 

(ii) Xnipa, A) are not continuous at each point o/Pi ,3 and have the following asymptotic 
behaviors near any given (a;o, Aq) G Pi, 3 r.' 

lim A„(a;, A) = A„(a;o, Ao), 0 < n < A - 2 , 

P]^,3UPl,3r9(tt>,A)-^>(cJOiAo) 

lim AAr_i( 6 i;, A) =+CXD, lim Ao(w,A) = — 00 , 

7 ^ 1,3 3 A)—>-(ctJo5Ao) —^(^oAo) 

lim A„(a;, A) = A„_i(a;o, Ao), 1 < n < A - 1 ; 


29 



near any given (a;o, Aq) G Vi^si: 

lim Ao(w, A) = —cxD, 

7^1 ^ 3 9 (w , A) — >■ (a; 0 , A 0 ) 

lim An(a;, A) = An-i(a;o, Ao), l<n<A-l, 
lim An(a;, A) = A„(a;o, Ao), 0 < n < A - 2 , 

7’^3;UPi_3;9(a;,A)^{aio,Ao) 

lim AAr_i(6i;, A) =+cxd; 

^ 1 ^ 3 ; 3 >-A.) —S> (wo, Aq ) 

and near any given (wq, Aq) G V 5 : 

lim Ao(cx;, A) = —cx), lim Ai(a;, A) = —cx), 

35(ttJ,A)—^{ lJOiAq) 7^A3r^(^5A)—^{t*^OiAo) 

lim An(a;, A) = A„(a;o, Ao), 0 < n < A - 3, 

^i^3i^A,3iU7’5 3(w,A)^>(u;o,Ao) 

lim An(a;, A) = An-i(a;o, Ao), 1 < - 2, 

7’l,3rU7^j 3 9(cJ,A)^(cJo,Ao) 

lim A„(a;, A) = A„_ 2 (a;o, Ao), 2 < n < A - 1, 

^i^3r3(‘*'iA)—>(a;o,Ao) 

lim AAr_ 2 (w, A) =+ 0 O) 1™ AAr_i( 6 i;, A) =+CX. 

^i^3;U7^i^3i9(c»;,A)'^(tJOiAo) T^^gjUT^j 39 (c»;,A)^(cjoiAo) 

And consequently, A„ restricted in Pfg UPi^sr and AVi^si UP 5 is continuous for each 
0 < n < N — 3, and \n -2 restricted in U Pi, 3 r and U Vi^^i is eontinuous. 

Theorem 5.4. Similar results in Theorem 3.3 hold for Of Pi, 3 , Pi, 3 r, Pi.sz, Pfs) 
and replaced by V 2 , 3 , P 2 , 3 r; 'P 2 , 3 h '^2 3 ) '^2 3 r> separately. 

Combining Theorems 5.1-5.4 yields the continuity and discontinuity sets of the n-th 
eigenvalue function in x 

Theorem 5.5. Each (u, A) G P 5 has exactly A — 2 eigenvalues, and each (u, A) G 
V\V 5 has exactly A — 1 eigenvalues, and each {u, A) G x \P has exactly 

A eigenvalues, and \n, 0 < n < N — 1, are eontinuous in x \P and not 

continuous at each point ofV. 

Remark 5.1. If the n-th eigenvalue function A„ is simple at some (a;o, Aq) in the conti¬ 
nuity set X \V for some 0 < n < A — 1, the results about differentiability of 

continuous eigenvalue branches in [22, Theorems 4.2-4.4 and 4.7] can be applied to in 
a neighborhood of (a;o, Aq). 
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